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Abstract

Recently by using path integral method and theory of soliton, a new calculation scheme of a
partition function of an immersion object has been proposed [J. Phys. A 31 (1998) 2705-2725].
In this paper, the scheme to elastica (space curve with the Bernoulli-Euler functional) immersed
in three-dimensional space R? as a physical model in polymer science is applied. It is shown
that the nonlinear Schrodinger and complex modified Korteweg—de Vries hierarchies naturally
appear to express the functional space of the partition function. In other words, it is shown that the
configuration space of an elastica immersed in R? can be classified by these equations. Then the
partition function is reduced to an ordinary integral over the orbit space of these hierarchies. © 1999
Elsevier Science B.V. All rights reserved.
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1. Introduction

Elastica problem in two-dimensional space R’ has long history [1,2]. It is known that
by observing a shape of thin elastic beam, James Bernoulli named the shape elastica [1,2].
It might be regarded as birth of the elastica problem and germination of the mathematical
physics, including differential geometry, harmonic map theory, elliptic function theory,
mode analysis, nonlinear science, elliptic differential theory, algebraic analysis and so on,
because by studying the elastica problem, such theories were generated and developed [1,2].
The elastica in R? [1,2] is defined as a curve with the Bernoulli~Euler functional

E=/dsk2, (1.1)
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where £ is its curvature. Euler applied the minimal principle to this problem and investigated
its shape or the functional space k(s). Then shapes of the elastica, functional space of
classical static elastica, were completely classified in the eighteenth century, which is an
exactly solved case in the harmonic map theory [1,2]. It is known that its moduli, points of
the solution space, are expressed by the moduli of the elliptic function [1,2].

Recently, I presented a new calculation scheme of a partition function of nonstretching
elasticas in R?. The partition function is formally defined as

Z= / pxe [ ok (12)

where DX is the Feynman measure for an affine vector of a point of the elastica X and #
is the inverse of temperature. Goldstein and Petrich discovered that the virtual motion of
nonstretching curve obeys the modified Korteweg—de Vries (MKdV) equation

dk + 3k28,k + 3]k =0, (1.3)

and its hierarchy [4,5]. Using the Goldstein—Petrich scheme, I found that the functional
space of the partition function (1.2) are completely represented by the MKdV equation
(1.3) and there naturally appears the MKdV hierarchy. The MKdV flows conserve the
energy functional (1.1). Thus the functional space (1.2) is classified by the solutions of the
MKdV equation (1.3) and its hierarchy. The points of the functional space of the statistical
mechanics of the elastica are expressed by the hyperelliptic functions and their moduli
because a solution of the MKdV equation is expressed by the hyperelliptic function and is
characterized by modulus of the corresponding hyperelliptic curve [6-9]. Then the integral
in the partition function (1.2) is reduced to the ordinary (Riemannian) integral over the
solution space of the MKdV equation, or over the Jacobi varieties of the hyperelliptic
curves [6-9].

Here I will comment upon the result of [3] from the viewpoint of soliton theory. Even
though there were so many proposals on the relations between soliton theory and physical
problems, few cases are recognized which are models of observable problems of physics and
whose relations are not just an approximation. In fact, though virtual motion of nonstretching
curve are investigated by many authors [4,5,10-15, references therein], it has not been
clarified that they are concerned with the physical problem, such as an elastica, except
reinterpretation of curve problem as spin problem [10]. For example, the motion of elastica,
which is derived from an action constituted by (1.1) and kinetic term, is not expressed by
the soliton equation in general [11-13]. The kinetic term disturbs the integrability though
the motion approximately obeys soliton equations [11-13].

Thus it is very surprising that (1.2) with (1.1) are completely related to soliton theory in
Ref. [3]. By investigating the statistical mechanics of elastica, I reproduced the algebraic
relations in the generators in infinite dimensional linear system as differential ring [8,9],
which corresponds to a subspace of the universal Grassmannian manifold (UGM) [8,9],
and virtual dynamics in the Jacobi varieties of the hyperelliptic curves [6,7], as Euler found
the elliptic function theory and its moduli by studying mechanics of elastica.
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After the studies on elastica in R? [3], I applied this method to the Willmore surface in
three-dimensional space R? [16]. Instead of the MKdV equation, there appears the modified
Novikov-Veselov equation which classifies the functional space of the partition function of
the Willmore surface.

In this article, I will investigate a partition function of an elastica in R® with the energy
functional

E=/ds|k|2, (1.4)

where k is a complex curvature of the elastica in R®. This energy functional (1.4) is in-
vestigated from the point of view of the harmonic map theory [15 and references therein],
which corresponds to the system of the zero temperature of the statistical mechanics of the
elastica. I will require that the elastica does not stretch even for finite temperature as in
[3].

Then it will be shown that the partition function of elastica in R* with the energy (1.4) can
be also evaluated. Due to the nonstretching condition, instead of Goldstein—Petrich scheme
of the elastica in R? [3-5], I will use the Langer—Perline scheme for a curve in R3 [14.15).
By using them, I will show that the nonlinear Schrédinger (NLS) hierarchy and the complex
MKdV (CMKdV) hierarchy naturally appears in the calculation of the partition function.
Thus as first purpose of this article, I will reveal the physical origin of the NLS and the
CMKAdV hierarchies.

On the other hand, it should be noted that (1.4) sometimes appear in a polymer physics
as an action of large polymer [17,18]. Such a model is referred as elastic chain model.
Thus investigation of the partition function of (1.4) is very natural from physical demand.
Due to such a physical background, in Ref. [3], I investigated the statistical mechanics of
the elastica (1.1), but elastica of (1.1) is in a plane while a physical polymer is in three-
dimensional space. Hence as a more physical problem, I will study the partition function
of (1.4) here. The polymer physics is a very complex problem. Due to the complexity,
investigation of properties of polymers is not simple in general. However, it sometimes can
be exactly performed owing to deep symmetry [17-19]. In fact, an exact partition function
of elastic chain with the energy functional (1.4) was already obtained by Sait6 et al. [19]
using the path integral. However, they paid no attention upon isometry condition as thermal
fluctuation of the path integration even though they required isometry condition after all
computations; they summed allover configuration space without isometry condition rather
than over restricted functional space. It should be noted that the constraint does not commute
with such evaluation of the partition function in general. Thus it implies that their partition
function is of a stretchy polymer with energy functional (1.4).

Thus as another limit, it is of interest to investigate the partition function with the en-
ergy (1.4) under the isometry condition. By considering such theoretical situations, second
purpose of this article, which is identified with the first one, is to investigate the partition
function of a nonstretching space curve with the energy functional (1.4). Thus I believe that
this study influences the polymer science.



246 S. Matsutani/Journal of Geometry and Physics 29 (1999) 243-259

Furthermore, a space curve in R? also interests us from the viewpoint of the string theory
[3,11,16,18,20]. According to Kholodenko’s review of a large polymer {18], statistical
mechanics of a polymer model is closely connected with the mathematical science, string
theory and quantum field theory. Grinevich and Schmidt investigated closed condition of
a space curve obeying the NLS equation because a kind of its complexification becomes
a surface with Kahler metric [21]. Since a surface with Kahler metric can be regarded as
world-sheet of a string, this problem is also associated with the string theory [22]. (However,
as 1 will mention later, it should be noted that the elastica absolutely differs from a string
in the string theory, even though it influences the theory [3,11,16,18,20].) Thus although
it is not a main purpose, third hidden purpose of this article is to investigate the moduli of
nonstretching curve in R? by taking into the consideration of such relation as a generalization
to the surface problem [16,20,21].

The organization of this article is as follows. In Section 2, I will evaluate the partition
function of nonstretching elastica in R3. Section 3 gives a discussion of the results.

2. Partition function of nonstretching elastica in R3
I will denote by C a shape of a closed elastica (a real one-dimensional closed curve)
immersed in three-dimensional space R? and by X(s) = (X!, X2, X?) its affine vector [23]
S'ss> X(s) eCC RS,
0/ X(s +L)=09;X(s) (neN+{0}),

2.1

where L is the length of the elastica, s a parameter of the curve and N is natural number. As
I will mention its physical model, it can be regarded as a closed polymer in R?; its center
axis is a space curve C. Here I will fix the metric of the curve C induced from the natural
metric of R3;

ds = v dX dX. (2.2)

There is the orthonormal system along C, (ng, nj, ny) with fixing ng as the tangent unit
vector; ng = d;X, where d,; := 9/9s. I make them, first, satisfy the Frenet-Serret relation
{23,24]

ng 0 k 0 ng
O|lm|=]—-%k 0 <t n |, 2.3)
n 0O -t O 193

Here k is the curvature, 7 is the Frenet-Serret torsion and they are functions of only s.
I rotate the orthonormal frame SO(2) fixing ag := ng so that (ag, a1, a2) is obtained as
[23-27],

ag 0 ki k agp
85 a) = —k1 0 0 a s (2.4)
ar —k2 0 0 ar
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where k| := kcos8, k> := ksin 6 and

s

9(s) = / (s ds’. (2.5)

S0

For convenience, I will introduce a complex curvature, k := x| + ik = kel
In this paper, I will deal with a nonstretching elastica in R® with the energy functional

L
E = / ds |« |, (2.6)

0

which 1 will also call Bernoulli-Euler functional [1-3]. For a thin elastic rod, a potential
term like (2.6) appears in its free energy due to its thickness and an elastica of (2.6) is
an idealized model of such thin elastic rod [7]. However, it is worthwhile noting that in
general, there appear other potential terms in the energy functional for a general elastic rod.
For example, there might appear elastic torsion term (for twist), stretching term and so on.
An elastica is usually defined as a curve realized as a stationary point of an energy functional
related to an elastic rod, at least, in the meaning of the classical mechanics. Hence, the word
“elastica” sometimes has ambiguity. Depending upon the potential term, its shape might
belong to individual class. Thus reader should not confuse the word “elastica” with another
one in another context. In this paper, the word “elastica” is used for only a curve with the
Bernoulli-Euler functional (2.6).

As I stated in Section 1, the elastica 1 deal with here can be regarded as a model of a
polymer which can freely rotate around its center axis but does not stretch and is forced
by the potential (2.6) [17,18]. In other words, I assume that the force from the elastic
torsion (twist) can be negligible but stretching cannot. Furthermore, [ will neglect the kinetic
term of the elastica. Physically speaking, I will consider the polymers in the liquid whose
temperature is determined and viscosity is very large. I also suppose that each polymer
behaves independently and interaction among them are neglected.

As I stated in Ref. [3], a reader should not confuse an elastica with a “‘string™ in a string
theory [22]; they are absolutely different. The word “string” in a string theory is a technical
term in the particle physics and is not string in ordinary meaning. For example, string (wire)
in the guitar resembles elastica rather than “string” in the string theory [2]. In fact the
potential term of the action of “string” in the string theory is harmonic ( 3,X)” while (2.6)
is expressed by a biharmonic type (32X)>, which comes from the effects of the thickness
of the wire.

Now 1 will start to consider the statistical mechanics of elastica (2.6). Let the elastica be
closed and preserve its local infinitesimal length for even thermal fluctuation. It does not

stretch. Under the conditions, I will consider a partition function of the elastica given as
[3.18]

L
Z:fDXexp —ﬂ/ dsil* |, (2.7
0
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where B is the inverse of temperature. Following the calculation scheme which I pro-
posed in Refs. [3,16], I will evaluate the partition function (2.7) under the nonstretching
condition.

However, there is trivial affine symmetry of the centroid and direction of the elastica and
the partition function naturally diverges [3]. For an affine transformation (translation and
rotation g € SO(3)), X(s) — Xp + ¢gX(s) (Xp and g are constants of s), the curvature x
and the Bernoulli-Euler functional (2.6) does nto change; this is a gauge freedom and the
energy functional (2.6) has infinitely degenerate states. In the path integral method, I must
sum over all possible states, Z includes the integration over R and naturally diverges. As
well as the arguments in Refs. [3,16], I will regularize it

Z

Zoog = ——————, 2.8
€ ™ Vol(Aff) 2.8)

where Vol(Aff) is the volume of the space related to the affine transformation. By this
regularization, I can concentrate on the classification of shapes of elastica. As I have divided
the configuration space X(s) by the equivalent class, I should write a representative element
of the quotient space, [X(s)]. However for brevity, I will go on to write it X(s) but I assume
that from this point X(s) is an element of the quotient space.

Next I will investigate the condition preserving local length even for the thermal fluctu-
ation. I will expand the affine vector around the point which is an extremum point of the
Bernoulli—Euler functional (2.6). I will call the point quasi-classical point according to the
quasi-classical method in path integral [3,16,28]. In the path integral, I must pay attention
to the higher perturbations of € in order to obtain an exact result. Hence I will assume that
X is parametrized by a deformation parameter ¢. [ will express a perturbed affine vector X
around an extremum point X in the partition function (2.8) as [3,14-16]

X(s, 1) = e“UXqel(s, 1), €3 Xga = Xqa1 ~ X+ O(e?) 29
with the relation

0: Xqe1 = upap +uja; + uza;,

ua(L) =u,(0) (@a=0,1,2), (2.10)

where u’s are real functions of s and ¢. I can regard (2.10) as virtual dynamics of the
curve describing the thermal fluctuation [3] and thus I will call the deformation parameter
¢ “‘virtual times” by distinguishing real motion of elastica in dynamical problem [11-13]
or nonequilibrium statistical mechanics; in this paper, I am dealing with only object in the
framework of the equilibrium statistical mechanics and thus readers should not confuse the
variable ¢ with physical times.

As in Refs. [3,16], even in thermal fluctuation, I will assume that elastica does not
stretch; I will restrict the functional space X(s). Due to the isometry condition, I require
[0, 851 = O for X [3-5,14-16]. Since dsqcl := \/m ds, the isometry condition
exactly preserves, ds = dsgc if [9;, 8,] = 0.

Let us compute the nonstretching condition [9;, 8, 1X4c1 = 0. By introducing “velocities”
(0:¢1, 0;¢2), it is evaluated as
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d;ap = 8,0, Xqcl 1= (3,¢2)a) — (3:¢))ay, (2.11)
050, Xl = (Bsug ~ k1) — kouz)ag + (Bsu1 + kyup)ay + (dsuz + ioug)az. (2.12)

From the condition, I have the relation between 3;¢.(¢. = ¢| + i) and a complex
“velocity”, ue := uj + iua,

Orpe = i(chluO + dsuc)
= i(kqa1 3, 'Re((Raattte) + dsuc)) =: Que). (2.13)

Here I have used the notation kg := &y + ix2 and I introduced the pseudo-differential
operator ;"'

dup = Re(zq_cl—uc) = (kqcl¥c + muc)/z’

s (2.14)
Uy = B‘Y_lRe(muc) = f ds'Re (kqel (s )uc(s)).

In order to find the connection between ¢, and «, I will also investigate the fluctuation of
a,(a = 1, 2). Noting ag, differentiation of a,(a = 1, 2) by ¢ must have the form

0,2 = —3;¢rap — vay, o,ay = dr¢1ap + vay, (2.15)

where v means the rotation in the plane spanned by a,(a = 1, 2). By requirement of the
isometry, the virtual dynamics of a, is constrained as [9;, d5]a;, =0 (a = 1,2),

—ds3;a1 = (350, ¢2 — k2v)ag + (3 P2x1)a) + (3,241 + Byv)az,
—ds3a2 = — (950,91 — k2v)ag — (3 P1k1)ar — (3:P1k2 + dsv)az, (2.16)
—0,0;a) = k120 + (k19;¢2)a1 — (k19 ¢2)az,
—0;0,a2 = yk2a0 + (k20r¢2)a) — (k20:¢2)a2.
Hence I have the relation [14,15],
drkcg = — Q0 (3r). (2.17)

Accordingly, I have the relation between 9,k and complex velocity u. as the “equation of
motion” of the deformation satisfied with the isometry condition [14,15]

drkgar = — Q% (ue). (2.18)

I will remark that Q2 is known as the recursion operator of the NLS and the CMKdV
equations [14,15].
For this nonstretching deformation, the Bernoulli-Euler functional (2.6) changes as

/ |K|2 ds = /('chl|2 + E(—quar’(qcl + chlatm))

+ €((|1rkqel* + K19 kqel + Kqe1 87 Fga) + -+ +) ds
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= [ (62— O ) + i P21 ds +O(E)
=: Eq+8VEgq + 8P Eqq +- - (2.19)

Since I wish to expand the complex curvature k around the extremum point in the func-
tional space, I will require the extremum condition [3]

$VEq = 0. (2.20)

In this method, I will sum the weight function over all extremum points. Since they
are extremum rather than stationary points, they need not be realized in zero temperature,
B — oc.

Noting the relation dsuq = (Kqcléc + Kiclic)/2 and above notices, supposed that sz
() + Kgel 02 (u.) could be regarded as another function kﬁué + qu;tz of the variation of
the normal direction in (2.14), I might find the relation

f dsRe (kg1 Q% (uc)) ~ f dsRe(kgau.,) = f ds(35up) = 0. (2.21)

I supposed that the deformation was described by one parameter . However, there is no
requirement that I must go along with only one parameter ¢ to characterize this system. In
the calculation of the partition function, one must sum up the weight function over events
unless probability occurrence of the events vanishes. I will search for all possible extremum
points.

Furthermore, in a microcanonical system at energy Eo, the entropy S of the system is
defined as S := log Z|g-g, and can be regarded as the logarithm of the volume of the
functional space. From primitive consideration, the dimension of the functional space in
the statistical physics is related to the degrees of freedom corresponding to Eg and the
degrees of freedom of the elastica are not finite. Thus the dimension of the deformation
parameter {t} need not be one.

Along the line of the arguments of Ref. [3], I will give up to express the thermal fluc-
tuation using only one parameter ¢ and I will introduce the sequence for ‘“virtual times”
t = (t, 13,15, ..., tan+1, - ..) in this system so that (2.21) is satisfied. I will redefine the
fluctuation (2.9) and introduce infinite parameters family, which can sometimes become
finite set as I will show later,

Xt = exp ((WB) > arznﬁatm.) Xqel

n=0

=Xgel + /V/B) Y _ 8t2n 4181y, X1 + O(1/B), (222)

n=0
where € was replaced with (1/./B)8t2,11 and 9,,,,, Xqc1 is expressed as

B1n 1 Xqel = u(()")ao + u%")al + ug’)ag,

u(()ﬂ) — ax_lRe(ch]u((:n)), ugﬂ) — Q2n (u((:())) (223)
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The virtual equations of motion for the deformation are expressed as
2
Yok = OF (). (2.24)

Thus (2.24) represents the thermal fluctuation which conserves the local length. As in
Ref. [3], I have implicitly assumed that [dy,, ., 0r,,,,,] = O. It implies that 3, and f2,, 4
are orthogonal or parallel. In fact, if there is a number no such as Q*(u("") = Aul"".
with a constant value A € R, it is concluded that t2,, 1 & t2,41, m > ng. For hierarchy
belonging to the KP hierarchy such as the MKdV equation [3,6-9], similar relation holds
while t,4(m < ng) are perpendicular with t2,,,4 in the related Jacobi variety [6-9]. As
the independent parts are enough to represent the thermal fluctuation, the parallel parts are
not necessary and the formal expansion with infinite dimensional parameters in (2.22) is
reduced to finite dimensional one.

As 1 obtained the family of the local-length-preserving curves following the arguments
[14,15], T will restrict it by imposing physical requirement. First I will note that there are
two manifest symmetries in this system. One exhibits the symmetry of choice of the origin s
and another is for the symmetry of U(1) phase of «; the latter one is the same as the choice of
s¢ at the integration (2.5). For the transformation « (s) — e' k (s — 1), the partition function
is invariant. Hence the family of the deformations (2.22) must contain these symmetries.

Second it should be noted that the partition function should contain the classical shape at
zero temperature 8 — oo. Here the classical shape 1 call means a shape which is obtained
from the Bernoulli—Euler functional following the minimal principle without thermal fluc-
tuation or 8 — oo (see Appendix A). (I will use the term “classical” in the meaning of
the analogy between the statistical physics and quantum physics, even though I am dealing
only with the ordinary statistical mechanics rather than quantum statistical mechanics.)

Accordingly T will require that the deformation must include trivial symmetries of the
system and classical shapes as in Ref. [3,16].

Hence I impose, as the first requirement, that the virtual motions include such manifest
symmetries

07, Kqel = Ogkget  and 8y kel = ikl (2.25)

It should be also noted that there is no other manifest symmetry except (2.25). In other
words, (2.25) is unique from the point of view of choice of coordinate. Here I will note that
11 and 7) also have the relation [3;,, d;,1=0.

Instead of the single sequence of deformation parameters as in Refs. [3,16], I will assign
the infinite dimensional parameters in (2.22) to those which fulfill the requirement: t :=
{y {tH =, m,...,0,85,..).

afznﬂ’cqcl = (_Qz)n(as’cqc])v afz,,+1chl = —Qz(afgn,l’(qcl)

n=12,..). (2.26)
Bty Kgel = (_Qz)n(i’(qd)’ 1,11 Kgel = —Q2(3,2”7|Icqcl)

n=12..). (2.27)

They are the CMKdV and the NLS hierarchies, respectively.
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Though the properties of the CMKdV equation might be not well-known, for intrinsically
real initial condition «x(s) € ¢ R (constant ay for s and t), the CMKdV equation is
reduced to the MKdV equation. In [14], the CMKdV equation appears in the context of
the geometrical realization of the inverse scattering method. Further, it is known that the
CMKGdV equation has nontrivial N-soliton solutions N > 1 [29] and the properties of the
CMKGdV hierarchy and the CMKdV equation are very regular as I show as follows. Thus
the CMKdV equation might be regarded as completely integrable.

In fact, as the NLS hierarchy, a solution of the nth CMKdV equation

Oy 1 Kgel — (— Q)" (Bykgel) = 0 (2.28)

is satisfied with the simultaneous equations by introducing unknown parameter 2,1,

By Kol — @ (B, Kqal) = 0,
afz,,A]chl = (_Qz)"—](as’(qcl)- 2.29)

By ladder-type calculations with respect to n and n — 1 of recurrent relation (2.29), it can
be proved that the solution space of the higher order equations belonging to the CMKdV
hierarchy is also determined by the CMKdV equation

i + 3?5k + 83k = 0. (2.30)

In other words, the nontrivial deformation is obtained by the CMKdV equation as the
ordinary soliton hierarchy does. (One might have a question why the ladder-type calculation
terminates at f = f3 rather than t = £1. From (2.25) 7] is determined as 7; = s + s and thus
f1 is not an unknown parameter in the sense of (2.29). Eq. (2.30) is a minimal nontrivial
equation.) ‘

Similarly, I have the NLS equation to get nontrivial deformation of the NLS hierarchy

i,k + )Pk + 82k = 0. (2.31)

For the NLS equation, this reduction can be naturally justified in the Jacobi variety of the
hyperelliptic curve as a solution space [6].

Furthermore due to [9;,, 35,1 = 0, (2.29) and similar relation for the NLS equation, the
relations [0y, , 95,1 = O(n,m € N) and [d,, 3;] = 0 are expected. It implies that the
NLS equations and the MKdV equations are independent equations. In fact, if one gives
the real value «, « goes on real in the “time” 7 development of the CMKdV equation (2.30)
whereas for the NLS equation (2.31) its “time” ¢ development includes the complex value
due to the pure imaginary in the first term in (2.31). The “virtual time” developments of
both equations for an initial state differ from each other. Eqs. (2.26) and (2.27) are expected
as independent families of deformations which are satisfied with the isometry condition and
physical requirements of the trivial symmetries.

As ] realized the first physical requirement for the trivial symmetries, I will mention the
classical shapes. In (2.31), replacement of the time ¢ with s/ C for constant Cy leads us to
obtain Eq. (A.3) for the classical shapes (see Appendix A). Hence the solutions of the NLS
hierarchy (2.27) and Eq. (2.31) contain those of the classical shapes. Consequently these
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deformations (2.26), (2.27), (2.30) and (2.31) are satisfied with the physical requirements I
mentioned above and isometry condition.

Here I will comment upon the result of Mohammad and Can [30]. They investigated the
“complex MKdV” equation and concluded that it is not a soliton equation. However, their
“complex MKdV equation” is expressed as

O + 2dc(Ik1*k) + 3k = 0, (2.32)

which is a kind of “complexification” of the MKdV equation but differs from (2.30). Their
result does not directly affect the studies on the integrability of our CMKdV equation (2.30).
As I obtained the isometry deformation which includes the unique manifest symmetries
(2.25) and classical shapes, I will consider, here, the partition function (2.7).
Before seeing the measure of the partition function, I will note the remarkable fact on the
energy functional (2.6). For the variation of 7 obeying the CMKdV equation, the Bernoulli—
Euler functional (2.6) is invariant

—a,—/ dslk(s, t, D
—/dsa (§|KI4+(32E)K+E82K— E x|2> =0 (2.33)
- S\ g s s $ - s
as the NLS flows conserve the first integral

a,/ dslk (s, 1, D)? = —i/ ds 8, ((3;%)k — kd;k) = O. (2.34)

Now I will consider the measure of the partition function. Since the CMKdV and the
NLS problems are initial value problems, for any regular shape of elastica satisfied with
the boundary conditions, the “virtual time” developments of the curvature of + and 7 are
uniquely determined. As described above, the “time” dr and dr are expected as orthogonal
in the solution space of the CMKdV and the NLS equations. It means that for a given
regular curve, there exist individual families of the solutions of the CMKdV (2.30) and the
NLS (2.31) equations which contain the given curve as an initial condition. Due to relations
(2.33) and (2.34), during the motion of ¢ and 7, the Bernoulli-Euler functional (2.6) does
not change its value. Hence the deformation parameters 7 and 7 draw the trajectories of the
functional space which have the same value of the Bernoulli-Euler functional (2.6).

In the case that I immersed an elastica in R?, the thermal fluctuation obeys the MKdV
equation and there appears single sort of hierarchy or the MKdV hierarchy [3]. In this article,
the codimension of the immersion of the elastica in R? is 2 while in the former problem is 1
[3]. Accordingly, it is natural that there appear twice the degrees of freedom of the elastica
in R2, {r} and {7} for the elastica in R>.

By the “time” development of {t} and {r}, I can classify the functional space of the
partition function (2.8) by its value E, in which curves are satisfied with the boundary
conditions

k) = k(L), Xga1(0) = Xgei(L). (2.35)
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The partition function (2.7) can be represented as

Zreng dﬂexp(—ﬂ5)=zexp( ,BE)/ dug

E

ZF

= Zexp(—ﬂE)Vol(EE), (2.36)
E

where du = ) dug and Vol(Eg) = fEE du g is the volume of the trajectories &g of
the CMKdV and the NLS hierarchies which occupy the same energy E.

It is known that any solution of the NLS equation (2.31) can be expressed by the hy-
perelliptic function and its modulus agrees with the modulus of the hyperelliptic curve
[6-9,20]. Grinevich and Schmidt [20] studied the moduli of the NLS equation (2.31) whose
corresponding space curve is satisfied with the boundary condition (2.35). There appears
the finite dimensional Jacobi variety representing the solutions of the closed elastica. As
well as the arguments in Ref. [3], even though I introduced the infinite dimensional coor-
dinates t in (2.22), the infinite dimensional parameters are reduced to finite dimensjonal
one, as the Jacobi variety of a hyperelliptic curve with finite dimension is embedded in
the infinite dimensional UGM [8,9]. Here I will evaluate the NLS part of the (Z¢, dug)
as its subspace and submeasure. Using the genus g of the hyperelliptic curves, the NLS
part (2 g NLS duNLS) can be decomposed as (HELS duNLS) = ]_[g(EgLs(g), duELS(g)).

The NLS part of the measure du ELS(g) is locally expressed as dfy A di3 A -+ A dige—y,
which is a “real” subspace of (complex) g-dimensional Jacobi variety [6,7]; the restriction
of complex space to real one comes from a reality condition [6,20]. As described above,
the remaining parameters {2,.1|n > g} are not employed in the measure because they are
linearly dependent and are not necessary to represent the thermal fluctuation.

For the NLS equation (2.31), there are infinite Jacobi varieties who have the same energy
E in general. Thus it is expected that the CMKdV equation is connected among these Jacobi
varieties. In other words for each point of the flows obeying the NLS hierarchy (NLS flows),
there are (at least parts of) the flows governed by the CMKdV hierarchy (CMKdV flows)
which are perpendicular with duNLS(g ) and conserve the energy. I can locally express the

&)

measure of du " related to g-dimensional Jacobi varieties, as

du(g) _ dM;LS(g) A du(éMKdV(g)’ (2.37)
CMKdV(g) L
where du means the measure of the CMKdV part. As the CMKdV equation is

expected as a soliton equation, the dimension of the measure duCMKdv(g ) is also expected

as finite dimensional. Thus the integration in the partition function (2.8) is reduced to sum
of the ordinary integrations of finite dimension. As curves corresponding to higher genus
have larger energy E, the series with respect to the genus in the partition function (2.36)
might converge.

Here I will note that the dimension in (2.37) does differ for different genus g. By ex-
changing the coordinate dr; and dz; of multi-times 7, the volume of [ du(g) is estimated by
the unit of the elastica length L. Since the dimension of the Bernoulli-Euler functional £ is
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the inverse of length and 8/[length] is order of unity, the multiple of the length can be inter-
preted as the multiple of the inverse temperature 8. Hence the sum of terms with different
dimensional volume which appear in (2.36) can be regarded as expansion of power of 5.

3. Discussion

As well as the two dimensional case in Ref. [3], by investigating the partition function
with Bernoulli-Euler functional (2.6), I derived the CMKdV and the NLS hierarchies by
physical requirements. Itis very surprising that by physically setting up, the soliton hierarchy
consistently appears. For example, Doliwa and Santini {14] derived the CMKdV and the
NLS hierarchies by some assumptions but their assumption could not be interpreted by
physical model of real material. Their approach looks artificial from the point of view of
physics even though it exhibits beautiful mathematical aspect. There are many questions,
e.g., why the infinite times appear, why 2,4+ and 12,1 must be connected with, why uf,‘ n
in (2.24) must be chosen as d;k or ik and so on; they did such operations by following
the axiom which they proposed [14]. However, in this article I found physical answers of
these questions as well as the MKdV hierarchy in Ref. [3]. By proposing a physical model
and considering its partition function, the soliton theory are reconstructed. For example,
in the sense of the statistical mechanics for a system with the infinite degrees of freedom,
the infinite times, e.g. {f2,+1}, are physically interpreted and I naturally introduced them
as deformation parameters. As a system of the linear differential equation like the wave
equation is described by a vector in infinite dimensional vector space as mode analysis, 1
showed that a state of the elastica with finite temperature is also represented by a vector in
an infinite dimensional vector space like the UGM. By physical requirements and searching
for all extremum points in the partition function, I derived such infinite dimensional vector
space t and their algebraic relation. The space might be the UGM for the Sato theory of
the soliton equation and, at least, the NLS part is built in the UGM [8,9]. In other words,
at least for the part of the NLS hierarchy, physical investigation of a model of observable
object reproduces the soliton theory including Sato theory [8,9].

As I gave a calculation scheme of the partition function of elasticas in R? in terms of
solution space of the CMKdV equation (2.30) and the NLS equation (2.31), I will comment
upon the partition function itself from physical viewpoint. Even though I could not give
a concrete form of the partition function (2.8), the problem is reduced to the problem
of soliton theory. Thus by investigating the CMKdV equation and the NLS equation, the
partition function can be evaluated concretely. In fact, Grinevich and Schmidt [20] studied
the concrete shape of the curve governed by the NLS equation. Since the Jacobi variety
is a finite vector space with algebraic properties and embedded in the UGM, the integral,
at least of the NLS part, in the partition function is reduced to sum of the integral over
the Jacobi varieties. Further the CMKdV equation is also anticipated as soliton equation
and its integration might be finite dimensional one. Since the energy functional is larger
for higher genus of the hyperelliptic curve, it is expected that the partition function (2.36)
converges as a series with respect to the genus. Hence, even though I introduced the infinite
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dimensional parameters t, the partition function could be approximated by finite sum by
truncating the solution spaces with the genus g, g < G. Hence in near future, I expect that
the value of the partition function will be concretely computed. Since the partition function
(2.8) is related to the deoxyribonucleic acid (DNA) problem as a supercoil elastic model
[31], I hope that this progress will affect the study of the DNA problem. In other words, I
believe that this formulation might shed a new light upon the study of the polymer science
[18].

Here I will mention the knot configuration. Since the NLS and the CMKdV equations
are initial value problems, the solution space includes any configurations of a space curve
in R3. In other words, they also include any knot configurations and so I need not pay
any attention upon the ambient isotopy [32]. The topological invariance of this system is
related to the fundamental group (S 1y as I showed in [27] rather than knot invariance. In
fact the trajectories of the NLS and the CMKdV equations classify space curves immersed
in R3 rather than ones embedded in R?; crossings are allowed and its topology disables
us to distinguish such knot invariances or ambient isotopy. Since the knot configuration is
physically discriminated by means of long range force such as the electromagnetic force
and this theory in this article does not include such force, this notion can be also physically
interpreted. If one wishes to consider the knot configuration in this system, it might be
related to the gauged NLS equation [33].

As described above, the partition function (2.36) is a map from the configuration space
of the immersed curve to real one-dimensional space R. Any curves with different topology
are summed up. I showed that classifying the configuration space (functional space X(s))
by energy E is equivalent to investigation of the orbit space of the NLS equation and the
CMKAdYV equation. As they are kinematic system of the virtual times, two points in orbit
space with the same energy are transitively acted by a transformation group and for such
group action, the partition function is invariant. Thus the partition function (2.36) might
be regarded as a character of the group and thus should be studied from group theory
[8.9].

Next I will give two comments on the CMKdV equation. First, one might have a question
why I need the CMKdV hierarchy whereas the solution space of the NLS hierarchy includes
any configurations of a space curve in R3, at least as an initial condition. I have been dealing
with the measure of the functional space. An uncountable set of R becomes R? if the
elements are measurable and one can define R? topology in the set. In the similar meaning,
I need the CMKdV hierarchy in order to introduce the natural measure in the functional
space of the two-codimensional immersion object. In other words, they are complementary
objects.

The solutions of the NLS hierarchy are described in terms of the hyperelliptic functions
[6-9,20]. A hyperelliptic curve is embedded in a Jacobi variety. The trajectories of the
NLS hierarchy (11, £3, . . ., t2,—1) have the vector structure as the Jacobi variety. The NLS
flow covers a subset of Jacobi variety. The individual Jacobi varieties are distinguished
by points in the Siegel upper half space [6-9]. Since the CMKdV flows are expected to
have perpendicular part with the NLS flows from the measure theory as described above,
the CMKdV flows might connect the different Jacobi varieties of solutions of the NLS
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equation. Thus I will conjecture, as the second comment upon the CMKdV equation, that
the solution space of the CMKdV equation might be realized in the Siegel upper half space
related to hyperelliptic function [7].

Finally I will mention the higher dimensional elastica problem, e.g., an elastica in n-
dimensional space C C R”. The codimension of the elastica becomes n — 1 and thus
instead of t = ({¢}, {f}), there appear (n — 1) sets of infinite dimensional parameters t =
(MY, {#2), ... {1~ DY), As there appeared U (1)-bundle in this article, they represent
the (n — 2)-dimensional inner sphere of sphere bundle over the elastica C and the normal
radius direction of C. Thus there is naturally a principal bundie over C. In other words,
one can add the group structure over the equations. Thus the generalized MKdV equation
naturally appears [14,34] and it is expected that my computation scheme of the partition
function can be extended. Since the elastica in R? and R? is related to a string (in the string
theory) in R [16,20], the elastica in R* or R?® might be connected with a string in R>*,
Thus I will expect further progress of this study.
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Appendix A

In this appendix, let us derive the classical shape of the Bernoulli-Euler functional with
isometry condition [2]. Since the isometry deformation was discussed in (2.9)-(2.19), de-
formation along the parameter ¢ is automatically satisfied with the isometry condition. Thus
according to the minimal (variational) principle, I will evaluate § E /§(eug) = 0.

By direct computation, (2.19) is expressed by

€(k 0% (uc) + K Q2 (uc))
= kP (kuc + kTic) — (82K uc + d2KHL). (A.1)

Here I suppressed the notion of “qcl”. Using the relation (2.14), there is an ambiguity
between ug and u., which is related to the boundary condition. I will use €ug as variational
parameter and evaluate the energy functional in terms of ug,

SE 1
=& (|x12 + —5§K) =0. (A2)
S€ug K
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Then by integrating (A.2), I obtain the static NLS equation
iCodsk + 3lk |7k + 82 = 0. (A3)

This means the governing equation of the classical shape of elastica, which is a special case
of the NLS equation (2.31).
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